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Abstract. 
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On ! In this article we investigate the so-called Bilateral Small Lebesgue 

Spaces: prove that they are associated to the Grand Lebesgue 
spaces, calculate its fundamental functions and Boyd's indices, 
find its dual spaces etc. 
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^ . 1. Definitions. Preliminaries. Grand Lebesgue Spaces. 

^' 
O 

Q\ [ Let (X, S,/i) be a measurable space with non - trivial measure fi : 3^4 G 

O ■ S,/i(y4) G (0,/i(X)). We will consider in this article the following conditions on 

the measure /i or more exactly on the measurable space (X, S, /z) : 
^ . 1. Finiteness, or the probabilistic case: /i(X) = 1. 

It is easy to understand that the case fi{X) G (0, oo) can be considered by means of 
renorming of measure. 

2. Sigma- finiteness: There exists the sequence {A{n), A{n) G S, } such that 

/x(A(n)) G (0,oo), UZiA{n)=X. 

3. Diffuseness: 

VA G S, < ii{A) < oo 35 c A, ii{B) = fi{A)/2. 

4. Separability: The metric space (S,p), where the distance p is defined as 
usually as 

p{A, B) = fi{A \B)+i2{B\A), A,B 

is separable. 



5. Resonant property. This means that the measure p is nonatomic or the set 
X consists only on the countable (finite case is trivial) set of points with equal non 
- zero finite measure. 



More information about these definitions see in tfie classical monograph 
M.M.Rao [23]. 

We suppose in this report the measure /i is sigma-finite. 

Define as usually for arbitrary measurable function f : X ^ R} 

|/|p= (/^ 1/(^)1^ ii{dx)y\p>l- 

Lp = L{p) = L{p; X, /i) = {/, \ f\p < oo}. Let a = const > 1, 6 = const G (a, oo], and 
let tp = xp{p) be some positive continuous on the open interval (a, b) function, such 
that there exists a measurable function / : X — > i? for which 

/(•) e npe(a,b)Lp: Hp) = I/Ip, p e {a,b). (i.o) 

We will say that the equality (1.0) and the function /(•) from (1.0) is the represen- 
tation of the function ip. 

The set of all those functions we will denote ^ : \1' = \E'(a,6) = The 
complete description of this functions see, for example, in [17], p. 21-27, [18]. 

We extend the set ^ as follows: for arbitrary ■0(-) e ^ define 

EX-^ EX-^{a, h)^{v^ v{p)} = 
{v : 3'0(-) e ^ : < inf il^ip) / I'ip) < sup '4'{p)/i^{p) < oo}, 

P^{<^,b) pe{a,h) 

11/ U^(a, 6) = {V' = V(p), inf V'(p) > 0.} 

pe(a,6) 

and the function p 'ip{p), p € (a, b) is continuous. 

We define in the case b = oo iplb — 0) = limp^^iplp). 

Definition 1. Let ^(•) G [/*(a,6). The space BSGL{ij) = G{il:) = G{X,iP) = 
G{X,ip,iJi) = G{X,il), iji,a,b) (Bilateral Grand Lebesgue Space) consist on all the 
measurable functions f : X ^ R with finite norm 

Wfim)'^' sup iiMip)]. 

p€(a,b) 

We denote B{ip) = {p : |'?/'(p)| < oo} the bounded part of a function /. 
Note that if max('0(a + 0), -0(6 — 0)) < oo, 6 < oo, then the space G'('0) coincides 
with the direct sum La + Li,, and if min('0(a + 0), ■0(6 — 0)) = 0, then G(V') = {0}. 

Hence, we can and will assume further that 

max(V'(a + 0), V'(& - 0)) = oo, inf ijj{p) > 0. 

pe[a,b] 

In the considered case the spaces G{iIj), ip E U'^ are non-trivial: arbitrary 
bounded: vraisup \f{x)\ < oo measurable function f : X ^ R with finite support: 

X 

//(supp (/)) < oo), supp(/) =^ {x, \f{x)\ > 0} 
belongs to arbitrary space Gitp) E U^. 



The Bilateral Small Lebesgue space BSL{ip) = SL{'ijj) = S{ip) may be 

DEFINED AS AN ASSOCIATE SPACE TO THE R.I. GrAND LEBESGUE SPACE 

BSL{i)) = S{ij) = SL{ijj) =^ G'{il)). (1.1) 

Recall that the associate space to the Banach functional space B over introduced 
measurable space is defined as a (closed) linear subspace of dual (or conjugate) space 
B* , consisting on all the functionals of a view: 

Kf) = hU) = I /(^) 9{^) dfi, feB, ge B'. (1.2) 

We may say that the function g generates the functional Ig and will identify as 
ordinary the functional Ig and the function g. 

We investigate in this paper some properties of the Bilateral Small 
Lebesgue BSL spaces: find its explicit view, give some examples of norm 
calculations and estimations for the functions belonging to this spaces, 
prove that they obeys the Fatou, Lebesgue and Absolute continuous norm 
property, state its separability and non-reflexivity, find its fundamental 
functions and Boyd's indices, conditions for convergence etc. 

The Small Lebesgue spaces were intensively studied in the last ten years, see 
e.g.,[2], [5], [6], [7], [8], [9], [10] etc. 

We intend to continue this investigations: consider some examples, calculate 
Boyds indices etc., and generalize to the case of bilateral spaces. 

This means that we can consider the case when p G (a, 6), where a may differ 
from 1 and h may differ from oo, i.e. we may consider not only the cases p e [l,po) 
or p e (po,oo). 

For example, the space V'\h E [l.oo) (in the notations of the articles [2], [5], 
[6], [7]) coincides with our space G(l, 6, 0, 1/6). 

All the properties of the BSL spaces which have a proof alike one in the case one 
- side spaces, for instance, provided in the articles [2], [5], [6], [7], [8], [9], [10], will 
be described here very briefly. 

Note that the G{iIj) spaces are the particular case of interpolation spaces (so- 
called S— spaces) [3], [4], [11], [12], [25]. But we hope that the our direct rep- 
resentation of these spaces (deflnition 3) is more convenient for investigation and 
application. 

In the probabilistic case /i(X) = 1 the spaces G^ip) spaces appeared In the 
article [14], where are applied to the theory of random fields. 

Now we consider a very important for further considerations the examples of 
G(V^) spaces. Let a — const >l,b — const e (a, oo];a,P — const . Assume also that 
at 6 < oo min(Q;, /3) > and denote by h the (unique) root of equation 

{h-aY = {b-hY, a<h<b; C(p) = ((a, 6; a, /3;p) = 

(p- a)", p e {a,h); C{a,b;a, P;p) = {b-pf, p e [/i,6); 

and in the case b — oo assume that a > 0, /3 < 0; denote by h the (unique) root of 
equation {h — a)" = h^, h > a; define in this case 



C{p)^C{a,b;a,P;p)^{p-ay, pe{a,h); p>h =^C(p)=P^- 

Note that at 6 = oo =^ ({p) x (p — a)° p-'^+i^ x min{(p — a)",p^}, p e (a, oo) and 
that at 6 < oo =^ ({p) x (p — a)"(6 — p)'^ x min{(p — a)", (6 — p)'^}, p G (a, 6). 
In the case a = 0, 6 < cxd we define ({p) = [b — p)^, p G (a, 6); analogously, if 
(3 = 0, b < oo C{p) = {p- a)", p e (a, b). 

We will denote also by the symbols Cj,j > 1 some "constructive" finite non- 
essentially positive constants which does not depend on the p, n, x etc. By definition, 
the indicator function of a measurable set A, A e E may be defined as usually: 

I{A) = I{A,x) = I{x e A) = l,x e A; I{A) = 0,x^A. 

Definition 2. 

The space G = Gx — Gx{a,b;a, P) = G{a,h) = G{a,h;oi, (3) consists on all 
measurable functions f : X ^ E} with finite norm 

\\f\\G{a,b-a,(3)= sup [|/|, • C(a, 6; a, . (1.3) 

pe(a,6) 

On the other word, the space Gx{a,b;a, P) is the particular case of G{ip) space4s 
with the ip function of a view: ip(p) = l/((p), and p G (a, b). 
Notice that ii ip E p E {a,b), 6 < oo, and 

ip{p) {p - ay,p ^ a + 0; ~ (6 - p^^, 

p ^ b 0; a, (3 > 0, then the space G{ip, a, b) is equivalent to the space G{a, b; a, (3). 

Corollary 2. As long as the cases a < 0; 6<oo,/3<0 and 6 = oo,/3 > 
are trivial, we will assume further that either 1 < a < 6 < oo,mm{a, P) > 0, or 
1 < a,b = oo,a >0, P < 0. 

The introduced G(^) spaces are some generalization of the so-called Grand 
Lebesgue spaces, see [16], [18]. 

The complete description of the spaces conjugated to the (linear topological) 
spaces HpLp, see in [4], [25]. The spaces which are conjugate to Orlicz's spaces are 
described, e.g., in [21], pp. 128-135, [22], chapter 3. 

We denote by G° = Gxi'ip), ip G f/\E' the closed subspace of G{ip), consisting on 
all the functions /, satisfying the following condition: 

hm |/|,/V'(p) = 0; 

and denote by GB = GB{ip) the closed span in the norm G{iIj) the set of all bounded: 
vraisup |/(a;)| < oo measurable functions with finite support: /^(supp |/|) < oo. 

X 

Another definition: for a two functions i^i(-), ^'2(-) G C/^ we will write ui « 1/2, 

iff 

lim t^i(p)/t^2(p) = 0. 



If for some i^i(-), i^2(-) e U"^, ui « V2 and < oo, then / e G^{v2). 

Examples. 

We consider now some important examples, which are some generahzations of 
considered one in the works [16], [18]. 

Let X = R, ii[dx) — dx, 1 < a < b < 00,7 = const > — 1/a, ly — const > 
-1/6, p e (a, 6), 

fa,, = faA^) = I(\x\ > 1) • lx]-V«(| log \x\ \)\ 

= QbA^) = H\x\ < 1) ■ kr^^^'i log kir> 

/?'m(a:;) = (log |a;|)^/™/(|a;| < 1), m = const > 0, 

ra,b;,Ap) = 2(1 - p/b)-^"-' r(p7 + 1) + 2(p/a - i)-^-'ripu + 1), 
^^,,,^(x) = 2{p/a - i)-^-'r{rr + 1) + 2r((p/m) + 1), 

r(-) is usually Gamma- function. 
We find by the direct calculation: 

|/a,6;7,i/|p = V'a,6;7,;/ (p) ) l5'a,7,'"lp ~ V'a,7,m(p)- 

Therefore, 

a,7,m 

(•) e *(a, 00). 

Further, 

/a,6;7,«^(-) £ ^(a, 6; 7 + 1/a, t/ + 1/6) \ ^"(0, 6; 7 + 1/a, 1/ + 1/6), 

5'a,7,m(-) e G\ G°(a,oo;7 + 1/a, -1/m), 
and VA e (0, 1) ^ ^ 

^(a, 6; (1 - A)(7 + 1/a), + 1/6)) U G{a, 6; 1/a, (1 - A)(i/ + 1/6), 

9a,j,m{-) G°{a, 00; 7 + 1/a; -1/m). 

More generally, let us consider the following examples. Let L — L{z), z G (0,cxd) 
be slowly varying as 2; — > 00 continuous positive function. 

The reader can receive more information about the slowly varying function in 

the monograph [24]. 

Denote for the function ■?/' = ■?/' (a, 6; a, /3;p); p e (a, 6) 

V'La(a,6;Q;,/3;p) = V(a,6;Q;,/3) L{a/{p - a)); 
ijjLb{a,b;a,P;p) = ip{a,b;a,P) L{b/{b-p)); 



i^La,Lb{a; b;a,P;p)^ max{ijjLa{a, b;a,P;p), ipLb{a, b;a,P;p)). 



We consider here the case X — BP' with usually norm for the n — dimensional 
vector X — X — (xi, ^2, . . . , x„) & X : \x\ — xlY^"^ equipped with the (weight) 

measure 

lJicr{A) = I \x\' dxidx2 ■ ■ ■ dxn, CT = const . (1.4) 

J A 

Define the function 

fL{x)=I{\x\<l) |a:|-^/''|log|x|r L(| log |); 

h = const, {n + (7)b > 1, p G [l,{n + cr)b). We get after some calculations us- 
ing multidimensional polar coordinates and well-known properties of slowly varying 
functions [28, p. 30-44 ]: 

hi-) e G \ G%i;Lb){a, h{n + a); 0, 7 + l/h-p) L{h/{h{n + a)p)), 

l<a<h{n + a). 

We define analogously the function 

Ql^x) =I{\x\ > 1) |a;|-i/"|log|a;||^ L(| log |); 
a = const, (n -|- a)a > 1, p € (a(n + a),b), 6 e (a(n -|- a), 00). We receive: 

gL{-) e G \ G°{'il^La){a{n + a), 6; 7 + 1/a, 0;p) L{a/{p - a{n + a))). 
Correspondingly, if 1 < a{n + a) < b{n + a) < 00, then 

,Lb)- 

Let now 

uj{n) = 7r"/Vr(n/2 + 1), Q(n) = nuj{n) = 27r"/7r(n/2), 
R^R{a,n) = [{a + n)/n{n)]^/^''+''\ a + n>0, 

such that 

fj,a{x : < R} — 1, 

and let /i = h{\x\) be some nonnegative measurable function, h{x) = if \x\ > 
R{a,n); u > exp(2) =^ 

/Xcr{2; : /;-(|a;|) > -u)} = min(l, exp (— W^(log-u))) , 

where W = W{z) is twice differentiable strong convex in the domain z e [2, 00) 
strong increasing function. Denote by 

W*{p) = sup(pz - W(z)) 

z>2 

the Young Fenchel transform of the function W{-), and define the function 

V'(p) = exp {W*{p)/p) . 
It follows from the theory of Orliczs spaces [22, p. 12 - 18] that at p G [1, 00) 



\h\. 



Another examples. Put ior X — R^, a — 0, 

y(a,&;a,/3)^^) = \x\-^/^ exp (Ci|log|a;| j^"") /(|a;| < 1) + 

I{\x\ > 1) |a;|i/" exp(C2(log|a;|)^-^) ; 

l<a<6<oo;Q;,/5 = const G (0, 1). We obtain by direct computation using the 
saddle - point method: 

log /(«''';"'/^)(.) X (p - a)^-^/" + (b- pf-^"^, p e (a, b). 
p 

It is known that the spaces G{ip) with respect to the ordinary operations and 
introduced norm || • ||G'('0) 0,1^^ Banach functional Spaces in the terminology of a 
hook [1], they obey the Fatou property etc. 

Properties. Fundamental function. 
See also [5], [6], [2], [16], [18] etc. 

Moreover, the spaces G{-) are rearrangement invariant (r.i.) spaces with the 
fundamental function 4>{G{ip),d) = (j){d) — 

sup{\\I{A)\\G, AeE, ii{A) <5}, 5e (0,oo). 

If the measure // is nonatomic, (t){G{il>,5) = \ \I{A)\\G{'4)), were = 5, we have 

for the spaces G(V'), V'(-) e U^!, B{'ijj) = (a, 6), 6 < 00 



(j){G{ilj),S) = sup [6^^P/^{p) 

p€{a,b) 

As a slight consequence (for nonatomic measures): 



(/.(G'(V),0+) = 0; hm = 0. 

0— »o+ 

Note that in the case b < 00 

5<1 ^ CiS^'" < (j){G, S) < C2(5'/^ 



:i.5) 



5>1 ^ C^5^l^ < S) < C^8'l\ 
For instance, define in the case 6 < 00 5i = exp(a/i^/ {h — a)), 6 > 61 

r 1 1/2 

p^^p^(5) ^ log 5 /{2a) - [0.25a-^ log^ 5 -aa-^ log 5 

(t>i{5)^5^'P\p,-ar; 
5e (0,5i) ^(t)^{5)^5^'^{h-aY] 
82 = exp(-/i2/3/(i, -h)), 5e (0, ^2) ^ 



P2 = P2{S) = -I \og6\/2(3 + [\og\6/{4(3')) + b\ log<5|//3]'^' , 

5>52 ^(t>2{5)^5^'^{h-hf. 
We obtain after some calculations: 

h<oo =^ 0(G(a, 6;q;,/3),5) = max[0i((5),02(^)] ■ (1-6) 
Note that as 5 ^ 0+ 

(P{G{a,h,a,(5),5) ~ {fih'^/ef 5^'^ llog^l"'^, 

and as 5 — >• oo 

0(G(a, 6, a, 5) ~ (a^a/e)"^^/" (log 5)-". (1.7) 
In the case = oo, /3 < we have denoting 

U^) = (/3/e)'' |log<5|-l^l 5 e (0,exp(-/i|/?|)), 

03(5) = 5>exp(-/i|/3|): 

0(G(a, oo; a, -/3), 5) = max((/)i(5), 03((5)), (1-8) 
and we receive as 5 ^ 0+ and as 5 — > oo correspondingly: 

</)(G(a,oo;a,-/3),5)~(/3)l^l|log<5|-l^l, 
^(^(a, oo; a, -(5), 5) ~ (a^a/e)" 5^/" (log 5)-". 

BOYDS INDICES. 

At the end of this section we give using this results the expression for the so- 
called Boyds (and other) indices of G(V', a, b) spaces in the case X — [0, oo) with 
usually Lebesgue measure. This indices play a very important role in the theory of 
operators interpolation, theory of Fourier series in the r.i. spaces etc.; see [1], [15]. 

Recall the definitions. Introduce the (linear) operators 

<7sf{x) = f{x/s), s > 0, 
then for arbitrary r.i. space G on the set X = 

7i(G) = lim log||(7,||/logs; 
72(G) = hm loglla^ll/logs; 

We obtained (see [20]) 



7i(G(^/;, a, b)) = 1/b, 72(G(^, a, b)) = l/a. (1.10) 



Note that also 

7i(G°(V',a,6)) = 1/6, 72(G''(V^,a,6)) = 1/a. 



(1.11) 



2. Associate and dual spaces. 

The complete description of the spaces conjugated (or, on the other words, dual) 
to the (hnear topological) spaces (IpLp or conversely UpLp see in [4], [25]. 

The spaces which are conjugate to the Orlicz's spaces are described, e.g., in [22], 
chapter 3; [21], pp. 123 - 142. 

It is easy to verify using the well - known theorem of Radon - Nicodim that the 
structure of linear continuous functionals I — l{f) over the space G^{ip) — GA — GB 
is follow: e G°*{i^){^ GA*{i^) = GB*{jj;)) ^ 3g : X ^ R, 

Kf) = W) = / f{^)9{^) l^idx), (2.0) 
where g is some local integrable function: 

yA e S,/x(A) e (0,oo) =^ / \g\ d/i < oo. 

J A 

We will call as usually the space of all continuous in G{ip, a, b) space functionals 
of a view (2.0) as associated space and will denote as G^ (ip) — G^{il>,a,b). It is 
evident that G^ (■0) is closed subspace of G*{'^). 

Definition 3. 

Analogously to the works [2], [5], [6], [7] we can describe the associated spaces 
to the G(V', a, b) spaces. 

Let us introduce for the set A — (a, b) C [1, oo) its adjoin set: 

Al 11/ J) , a' = a/ {a -l),b' = b/{b - 1). 

We denote by the symbol DSL — DSL{ip) = DS'L(^, a, b) — DS a Banach space 
of all the measurable functions g : X ^ R} with finite norm 

||^|p5L(V^)'=^nf|f;V^(g(^)) (2.1) 

where " inf " is calculated over all the sequences of measurable functions gk = gk{,x) 
such that 

Y.gk{x) = g{x) (2.2) 

k 

a.e., gk G L^^j^y, and all sequences of numbers {q{k)} belonging to the set (a, 6) : 
q{k) e (a, 6). 

Remark 2.1 It may be proved analogously [2], [5], [7] etc. that the DSL{iIj) 
spaces relative the introduced norm are really Banach function spaces and, moreover, 
are r.i. spaces. 



Remcirk 2.2 It is easy to verify that in the decomposition (2.2) in the case 
if g{x) > (almost everywhere) all the functions gk{-) may be choose to be non- 
negative. 

Remark 2.3. The sequence of the numbers {q{k)} in the definition (2.1) may 
be choose such that 

]mkk-*ooQ{k) = a, q{k) > a, 

and 

limjk_^oo?(^) = b, q{k) < b. 

Theorem 2.1. Let t/j e U^. Let also the triplet (X, E,//) be resonant. Then 
the spaces DSL{ip) and SL{ip) coincides (up to norm equality): 

DSL{iIj) = SL{ij:). (2.3) 

On the other words, the spaces DSL{ip) are associate to the Bilateral Grand 
Lebesgue spaces G{iIj). 

Proof. This proposition may be proved analogously to the case one-side Grand 
Lebesgue spaces considered in [2], [5]- [7]. 

Step 1. We prove at first the implication g e SL{i/j) lg{-) e GL/ [tp), with 
norm equality. 

Namely, if (? = Y.k9k, f € ^(-0), ||/||G('0) = 1 and for some sequence {q{k)} e 
(a, b) and for any e e (0, 1) 

Y.^ili^))\9k\iq{k))/ < \\9\\GS{ij) + e^ C <oo, 

k 

then \ f\q(k) < '^{q{k)), q{k) e (a, &). We have using Holder inequality: 

\lgU)\ < Yl \fUik} ■ \9k\(g(k))/ < • \9k\(g(k))/ = C <00, 



or, equally. 



hif)\- I fix) g{x) i^idx) 



<||/||G(V') \\g\\sm. (2.4) 



Note that the inequahty (2.4) is called as usually as generahzed Holder inequality. 

Step 2. Now we prove the inverse imphcation. 

It is sufficient to consider only the case of the space G°{tl^; a,b). 

Let /(•) be arbitrary element of the space G°{il)) with unit norm: 

l/lp<^(p), pe (a, 6); 
and let Ig be a linear functional on the space G°{ip) of the standard view: 



J X 

We deduce using the classical Holder inequality: 



Vpe(a,6) Uf)\<\f\p \g\,/<m \9\p/- 

Therefore, 

\\g\\SL{i;)< mi i;{q/)\g\,. (2.5) 

qeA/ 

It remain to prove the finiteness of the right side of inequahty (2.5), or equally 
the following implication: 

3qeA/, \g\,<oo. (2.6) 

We will prove this proposition by the method reduction ad absurdum. Let us consider 
for definiteness the case of purely atomic measure fi : X = (1,2,...;) ii{k) = 1. 
Then the linear functional Ig has a view: 

oo 
n=l 

and we suppose 

oo 

yqeA/ 5](|^|„)« = oo. (2.7) 

n=l 

We will suppose without loss of generality that fn gn> 0, n = 1,2, . . . . 
Define the truncated sequence 

/W(n) = /„, n<N, /(^)(n) = 0, n>N; 
and the correspondent truncated sum 

^iv(e) = E |gnr'-^ (2.8) 

n=l 

e = const G (0, eo). 

It follows from the uniform boundedness principle that there exists the positive 
finite constant K, K & (0, oo), such that 

oo I ^1 

L:=Y.fngn<K- sup (2.9) 
We choose in the inequahty (2.9) the sequence / as follows: 

fn = {gnf-'-'^'\ n<N 

and /„ = in other case. 

Substituting into (2.9), we get: 

L < • sup = K^Gi^l^), S^ie)), (2.11) 

where, recall, 0(-, •) denotes the fundamental function. 
We obtain from (2.11), denoting X — S^ie) '■ 



X <K ■(f){G{ijj),X). (2.12) 

The solving of inequality (2.12) has a view: X < C, where the constant C does 
not depend on the e and N. Therefore, 

sup sup 5'Ar(e) < C, 
e N 

or equally 

oo 

71=1 

and hence for all the values q e {a^ ,b^) 

oo 

J2 l^nl" < OO, 
n=l 

in contradiction. 

This completes the proof of theorem 2.1. 

Step 3. 

Note analogously to the article [5] that the inequahty (2.5) is exact. 
We intend to prove that for all / e G°{ip), / > there exists a function g G 
^qG{b/,a/)Lq for which 

uf)\ = \\f\\Gw ■ \\9\\sm- 

Indeed, the function h{p) — |/|p/'0(p))P ^ [ct? ^] is continuous and h{a) — h{h) — 0; 
therefore there exists a value a e (a, h) for which \ f\^ — \ \f\ | •■0((t). We have choosing 
the function g such that 

W) = \fl \9li ■■ 
||/||G(^) \\g\\GS{i^)>l,{f)^ 

1^1./ = 11/11 

Remark 2.4. As a corollary: if (in addition) our measure // is separable, then 
we infer: 

G(^)/ = GBii^Y = GAii^y = Go(^)*, 
see [1], p. 20 - 22. 

3. Norm's absolutely continuity. Compactness. 

We will say as usually, see [1], pp. 14-16 that the function / belongs to some r.i. 
space Y over source triplet (X, S,/i) with the norm || ■ ||V has absolutely continuous 
norm in this space and write f e YA, if 



lim sup ||/7^||y = 0. (3.1) 

A■.^l{A)<S 

We will write in the case Y = G(^) : G'(^)A = GA(^), G{ilj)B = GBii/j) and 
analogously SL{ij)B = SLB{ij), SLlij)A = SLA{iP). 

Theorem 3.1. The space SL{ip;a,b) satisfies the absolutely continuity norm 
property. 

Proof. The proof is at the same as in [5]. Namely, let g G SL{%p)^ \\g\\SL{il}) — 
1. We write the following consequence from the decomposition for this function: 



oo 



q(k)/ 



k=l 



< 2. 



Let also {E{n)},n — 1,2, .. . be monotonically decreasing sequence of measurable 
sets such that as n — > oo 

KE{n)) i 0. 

We can suppose without loss of generality ii{E{l)) < 1. Let us denote as in [5] 

a{k,n) ^'ijj{q(k))\gk\ I(E(n))\g^k)/- 
We have for all values n : 



\g I{E{n))\\SL{^) <Y,a{k,n) < oo. 

k=l 



Since 



E <^{k, n) < oo 

k=l 

and yk =^ a{k, n) J, as n t oo, we deduce: 

lim \\gI{E{nmsm^O, (3.2) 

QED. 

Consequences. 

The next assertions follows from the theorem 3.1 and from the well - known 
facts about the general theory of Banach functional and rearrangement invariant 
spaces ([1], chapters 1 - 2). 

In the Bilateral Small Lcbcsguc spaces are true the Levi's theorem of a monotone 
convergence, Fatou property and Lebesgue majoring convergence theorem. 

Both the spaces G{ip) and SL{ip) are the interpolation spaces between the spaces 
Li{X,ii) and Loq{X,ii) relative the real method of interpolation. 

If we assume in addition to the conditions of theorem 3.1 that the measure /i is 
nonatomic and separable, then the space BSL(ijj) is also separable, coincides with 
BSLA{ip), BSLB{ip) and moreover 



[BSL(jjj)]* = [BSL(^jj)y = BGL{ij). 



(3.3) 



but they are not reflexive. 

Note for comparison: the subspaces BGA{iIj), BGB^ip), BG^{il)) are closed strict- 
ly subspaces of the space BG{iIj). The following important property of the Grand 
Lebesgue spaces is proved in [16], [17]. 

// ^jj eU"^, then 

G%ij)^GB{xlj)^GA{ilj). 
4. Fundamental functions and Boyd's indices. 

We suppose in this section that the measure n again is sigma-finite and nonatom- 

ic. 

The next fact follows from the well-known result about the connection between 
the fundamental functions of r.i. spaces and its associate (see, for example, [1], 
chapter 2, theorem 5.2.) 

Theorem 4.1. 



We will use further for brevity the notation x(5) = (j){SL{ip, S)). 
The assertion of the theorem 4.1 allows us to calculate the exact value of SL{ip) 
norm of the indicator function. 
Notice that 



X(0+) = 0; lim x{S) = oo. 

0— +00 

Lemma 4.1. Let A be a measurable set: A e E such that < fx{A) < oo. The 
following equality holds: 



\\'W\\sm = ^^^-:^_^^^^^^ =M. (4.2) 

Recall that the exact values for the fundamental functions for some G{ijj) spaces 
there are in the formulas (1.6), (1.8). 

Let us give an other example for SL{'ip) norm exact value calculation. 

Example 4.1. Assume that on the source triplet (X, E,//) and assume that 
for some interval (a, 6), 1 < a < 6 < oo there exists a value qQ,a < qo < b and a 
measurable non - negative function g : X ^ R for which 

\g\q < oo <^ g = go- 

This condition is satisfied, for instance, when X = and fiisd— dimensional 
Lebesgue measure. 

We deduce using the explicit expression for the SL{ip) norm that for this function 
g the inequality (2.5) transforms to the equality: 



\\g\\SL(^l;)^^l;(q/)\g\,,. (4.3) 

The assertions of the theorem 4.1 and lemma 4.1 give us the possibihty to com- 
pute the important for apphcations Boyd's 71, 72 and Shimogaki's f3i, (32 indices 
for Bilateral Small Lcbcsguc spaces on the basis of ones results for Grand Spaces, 
which are calculated in [18], [20]. Indeed: 

Lemma 4.2. Let ip &'^{a,h), 1 < a < b < 00. Then: 

A.^,{Sm) = 1 - 1/a; ^2{Sm) = 1 - 1/b; (4.4) 



BMSLm = 1 - 1/a; P2{SL{i;)) = 1 - 1/6; (4.5) 

C. The Hardy - Littlewood maximal operator M in the case X — is in 
bounded in the Small Lebesgue space SL{t/j). 

D. The Hubert's transform H in the case X — is in bounded in the Small 

Lebesgue space SL{%1)) iff a > 1. 

E. Let here X = [0, 27r). The Fourier series for arbitrary function / e SL[ip) 
convergence to / in the SL{^p) norm iff a > 0, b < 00. 

5. Improving of the norm estimation. 



Recall that 



\\I{A)\\SLW^x{f^{A)). (5.1) 

The equality (5.1) gives us the possibility to estimate the SL{ip) norm of arbitrary 
function belonging to the space SL{ip). 
Consider a simple function of a view: 

n 

fix) = Yl HHk, x),n<oo, (5.2) 
fc=i 

iffe G S, k I ^ Hkf] Hi =, c{k) e R; i.e. / G SLB{il>) and conversely the set of 
all the functions of a view (5.2) is dense in the SLB(t/j) space and following in all 

space SL{%1)). 

We will call the decomposition (5.2) as a representation of a function / and will 
denote the set of all simple functions as Simlip). 
We have for these functions: 

WfWsm < E |c(^)| xi^l{m 'il [ fix) dx. (5.3) 

k=l •'^ 

Let now /(■) be arbitrary non - negative function from the space SL{iIj). Denote 
by R{f) the set of all the simple functions {g} greatest than f : g > f. We define: 

/ fix) dx =^ inf / gix) dx- (5.4) 
For the function / e SLiip) which may not to be non- negative we define 



/ fix) dx^ I fi{x) - I h{x) dx, (5.5), 

where the non - negative functions /i and /2 in (5.5) from the set Sim{SL) are such 
that the function / is the difference of the functions fi and /2 : f{x) — fi{x) — f2{x) 
and 

/^[|/i(^)l + 1/2(^)0 dx = mi[j^[Mx)\ + \g2{x)\] dx 

where 5(1,5(2 G Sim{SL), 51,52 > and 51(2;) - g2{x) = f{x). 
For the unbounded functions f — f{x) we may define 



X 



fix) dx = lim / [fix) Ii\fix)\ < N] dx, 

AT— >oo Jx 



if there exists. 
Let us denote 

Ill/Ill = III/III^W)= / \fi^)\dx. (5.6) 

Note that the functional / |||/|||5'L('0), / G SLiijj) obeys the following norm 
properties: 

>0; Ill/Ill = 0^/ = (mod /x); 
|||A/||| = |A|-|||/|||, XeR; 



+ 9\\\<\\\f\\\ + M\\- 

Since the set of the simple functions is dense in the space SLiip), we obtain the 
following convenient for applications estimation. 
Theorem 5.1. 

\\f\\SLii,)<\\\f\\\SLii;). (5.7) 

Remark 5.1. Note that still in the case /u(X) = 1 the functional / 

1 1 I/I 1 15*17 (x) is discontinued in the uniform norm |/|oo = vraisup | / (x) | in all the 

xex 

points aside from the origin. Let us consider the following example. 

Example 5.1. Let X — [0, 1] and n = 2, 3, 4, . . . . Define the functions fix) = 1 
and the sequence of a functions 

fnix) = lix e [0, 1/2]) + (1 + l/n)/(x e (1/2, 1)). (5.8) 
Let also x(5) = \f5, 5 e (0, 1). We observe: 

Jirn \fn - /loo = 0; |/|oo = 1; 

but 

„|||5L(x) = \/(X5 + (l + l/n)\/(r5^\/2, n ^ 00. 



6. Convergence and compactness. 



A. Note that in the case if X is the convex bounded subset of i?" with usually 

bounded Lebesgue measure, for the spaces G"{tb) and SL{iIj) are true the classical 
conditions of Riesz's and Kolmogorov's for compactness of some subset F = {fa} C 
G°{iIj), as long as these spaces arc separable. 

B. If some subset F = {fa} C G°{ip) is closed, bounded, is compact set in the 
sense of Lp,p e (a, 6) convergence and has uniform absolutely continuous norm: 
F e UCN, then F is compact set in the space G{'4>). 

C. The direct calculation of the norm 1 1/| is very hard. But we can replace 
the distance || / — g\\SL{'ili) by the distance 

d^{f.9)'^\\\f-g\\\Sm (6.1) 

in order to formulate the sufficient conditions for convergence and compactness in 
the Bilateral Small Lebesgue spaces. For instance, if /„, / e SL[ip) and 1 1 |/n~/| 1 1 
0, n — >• oo, then — f\\SL{ilj) — 0, n ^ oo. 

If some closed subset U of the space SL{t/j) is compact set in the distance d^, 
then U is compact set relative the source norm of the space SL{ip) etc. 
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